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This paper derives marginal conditions for the onset of thermoacoustic oscillations of a gas due to
instability of heat flow in a closed tube and a looped tube. Steady heat flow is created by installing
in the tube a stack consisting of many pores axially, sandwiched by hot and cold heat exchangers
to impose a temperature gradient. Assuming a time-harmonic disturbance and a temperature gradient
given, an eigenvalue problem is posed on Rott’s equation. Given a pore radius of the stack, a marginal
condition is determined so that an unknown frequency may take a real value by a suitable choice of a
temperature ratio and neutral oscillations may occur. This problem is solved numerically by a shooting
method combined with Runge-Kutta method and Newton’s method. The marginal conditions for the
temperature ratio are displayed in curves versus the pore radius relative to a typical thickness of viscous
diffusion layer. At marginal states corresponding to the conditions obtained, angular frequencies of neutral
oscillations are also displayed. The same problem is solved by using the approximate equations derived
from the thermoacoustic-wave equation for a case of thin or thick diffusion layer relative to a pore radius.
Comparing the marginal conditions and the angular frequencies against the ones by Rott’s equation, the
validity of the approximate equations is checked. Influences of the porosity on the marginal conditions
and the angular frequencies are examined. Also obtained are those in higher modes of oscillations in both
tubes. Finally axial variations of amplitudes in pressure and mass flux density and of acoustic energy flux
density (intensity) at a marginal state in the lowest mode are displayed to highlight physical differences
between a standing wave in the closed tube and a travelling wave in the looped tube.

Keywords: thermoacoustics; instability of heat flow; instability by diffusion; eigenvalue problem;
marginal condition;.

1. Introduction

In a quiescent gas subjected to a temperature gradient steadily, heat flows in background and the gas
is set in a thermally non-equilibrium state. The heat flow is constantly exposed to various disturbances
and the gas temperature is always fluctuating. The fluctuation of temperature gives rise to the one of
density and pressure so that the gas is not in a quiescent state perfectly. If there exist eigenmodes of
oscillations in a system containing the gas, it may be possible that the disturbances would excite one of
the eigenmodes to make the system unstable. However, because viscosity and thermal conductivity are
present in the gas, their diffusive effects tend to suppress growth of the mode so that the gas remains
stable and the quiescent state is maintained.

As the temperature gradient becomes steeper and the magnitude of heat flow becomes greater, a
possibility may be considered by analogy with instability of a viscous fluid flow that the diffusive
effects could no longer suppress the instability but rather promote it by taking energy from heat flow.
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If this analogy works, the disturbance in the unstable mode grows exponentially while oscillating, but
the nonlinearity associated with gas’ motion will give rise to higher harmonics and transfer energy
in the unstable mode to higher modes in a cascade manner. As this process progresses, the growth
of the unstable mode tends to cease and the amplitude of oscillations tends to be saturated. Such a
scenario may explain mechanisms of the onset of self-excited, thermoacoustic oscillations which take
place spontaneously in a quiescent gas subjected to a temperature gradient.

In fact, there are examples of the thermoacoustic oscillations which may be attributed to this
instability of heat flow. Among them, a typical example is the Taconis oscillations of a helium gas
discovered about 70 years ago (Taconis et al., 1949). When a long tube with one end open is inserted
into a dewar containing a liquid helium, and the open end approaches a liquid surface, the helium gas
in the tube begins to oscillate spontaneously and violently. Because the closed end is in the outside
of the dewar at a room temperature, a very steep temperature gradient occurs along the tube and heat
flows strongly toward the open end not only in the tube wall but also in the gas. The ratio of the room
temperature to the temperature near the open end in kelvin is very large of order 10 to 102.

Since the discovery of Taconis oscillations, much efforts have been made to reveal mechanisms
of the self-excited oscillations and also to demonstrate similar thermoacoustic oscillations by using
atmospheric air or other gases at a moderate temperature ratio (Swift, 1988, 2002). Thanks to these
efforts, it is now known that such self-excited thermoacoustic oscillations can occur even in air at a
temperature ratio 1.5 or even lower, if use is made of a stack consisting of many glass plates or many
small pores in a ceramic cylinder, or use is made of a regenerator consisting of fine wire-meshes or
porous material.

Because the energy of thermoacoustic oscillations is supplied by the heat flow in background, there
takes place a transformation of energy, which is the very action of a prime mover. This view prompted
to implement novel heat engines by exploiting thermoacoustic oscillations. A standing-wave engine
in a closed tube was first demonstrated (Wheatley et al., 1983), while a travelling-wave engine in a
looped tube was devised by Ceperley (1979) and demonstrated later by Yazaki et al. (1998). Because the
travelling-wave engine is thermally efficient in converting heat to mechanical energy, the heat engines
using the travelling wave are now being investigated intensively. In parallel, because the sound pressure
level of the oscillations attains even 170 dB SPL, new energy harvesting from the oscillations attracts
much attention in view of energy and environmental problems (Jaworski & Mao, 2013).

To derive marginal conditions for the onset of thermoacoustic oscillations, Rott’s linear theory
(Rott, 1969, 1973) developed to examine the Taconis oscillations is used. This theory does not formulate
the problem fully based on Navier–Stokes equation but on the narrow-tube approximation, which is the
same as the boundary-layer approximation. This facilitates a stability analysis considerably but Rott’s
equation cannot be solved analytically for a general temperature distribution but is solved numerically.
The marginal conditions obtained predict experiments well and therefore Rott’s theory is considered
to be effective. For the looped tube, Penelet et al. (2005) developed the method of scattering matrix
to derive the marginal conditions. Ueda & Kato (2008) used the method of transfer matrix to derive
the marginal conditions for the closed tube and the looped tube. For amplification and attenuation of
oscillations, Guedra & Penelet (2012) extended the frequency to a complex domain and discussed the
instability. Further, Hyodo et al. (2017) examined the stability problem including marginal conditions
for a looped tube with a branch resonator.

After the onset of instability, the thermoacoustic oscillations enter quickly nonlinear regime and
exhibit a variety of interesting phenomena such as saturation of the amplitude (Karpov & Prosperetti,
2000), acoustic streaming (Bailliet et al. 2001; Thompson et al. 2005; Moreau et al. 2008), emergence
of an acoustic shock wave (Biwa et al., 2011, 2014), annihilation of a shock and generation of
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Fig. 1. Steady heat flow in a quiescent gas in a flow passage of radius R, whose wall is subjected to a non-uniform temperature
distribution Tw(x) axially, where x and r denote, respectively, axial and radial coordinates. Letting a temperature of the gas be Te,
the heat flux qe in the gas is given by −ke∇Te, ke being a heat conductivity of the gas at Te.

a thermoacoustic soliton (Shimizu & Sugimoto, 2016), etc. To examine such nonlinear phenomena
theoretically, a reliable tool is due to the computational fluid dynamics (CFD) (Scalo et al., 2015; Gupta
et al., 2017). However, because the CFD is not an easy tool, the author has developed weakly nonlinear
theories, classified by the thickness of the diffusion layer to a pore radius and by the magnitude of
pressure disturbances. In observing thermoacoustic oscillations by doing experiments, there are some
phenomena which will be described well by the weakly nonlinear theories. In fact, a transient behaviour
of the Taconis oscillations from the onset of the oscillations to saturation of the amplitude can be
explained by the boundary-layer (thin diffusion layer) theory (Sugimoto & Shimizu, 2008; Shimizu
& Sugimoto, 2010).

One purpose of this paper is to derive marginal conditions for atmospheric air in a closed, straight
tube and a looped tube used in our experiments by using Rott’s equation. Another purpose is to
check the validity of the linearised approximate equations based on the thickness of diffusion layer by
deriving marginal conditions for the temperature ratio and angular frequencies of oscillations at marginal
states and comparing them with the ones by Rott’s equation. To apply the approximate equations
to weakly nonlinear regime of oscillations, the validity of the linearised equations must be checked
first. Discussions on influences of the porosity of the stack, marginal conditions of higher modes of
oscillations, and axial variations of amplitudes in pressure and velocity at the marginal state are also
included with variations of the acoustic intensity.

2. Formulation of the problem

2.1 Quiescent gas and steady heat flow

Suppose a quiescent gas in a flow passage of radius R, whose surrounding solid wall is subjected to a
non-uniform temperature Tw(x) axially, as shown in Fig. 1, where x and r denote, respectively, axial and
radial coordinates along the flow passage. Assuming no gravity, consider steady heat flow in the gas
created by Tw. In the solid wall, of course, heat also flows. However, it is assumed that its heat capacity
is so large that variations in the wall temperature may be negligible and therefore Tw is fixed.

Assuming Fourier’s law, the heat flux qe in the gas is given by −ke∇Te, ke being a heat conductivity
of the gas at temperature Te. In the quiescent state, it satisfies the conservation of energy stipulated by
∇ · qe = 0 as follows:

1

r

∂

∂r

(
rke

∂Te

∂r

)
+ ∂

∂x

(
ke

∂Te

∂x

)
= 0, (2.1)



MARGINAL CONDITIONS FOR THE ONSET OF THERMOACOUSTIC OSCILLATIONS 121

where the axisymmetry is appropriate and the heat conductivity ke is assumed to depend on temperature
Te in the form of a power law as

ke

k0
=

(
Te

T0

)β

, (2.2)

where k0 is a heat conductivity at a reference temperature T0 and β is a constant in the range 0.5 to 0.7.
Let us suppose that the wall temperature Tw varies so slowly in the axial direction that the following

inequalities may hold:

R2

Tw

∣∣∣∣∣
d2Tw

dx2

∣∣∣∣∣ � R

Tw

∣∣∣∣dTw

dx

∣∣∣∣ � 1. (2.3)

The following analysis takes account of non-uniformity in Tw and its gradient dTw/dx but neglect
d2Tw/dx2 and the product (dTw/dx)2. Utilizing these small quantities, (2.1) may be solved asymptoti-
cally as (Sugimoto & Hyodo, 2012)

Te = Tw + T−β
w

4(1 + β)

d2T1+β
w

dx2 (R2 − r2) + · · · . (2.4)

It is found from this that as long as d2Tw/dx2 and (dTw/dx)2 are neglected, Te may be set equal to Tw
so that Te is uniform over a cross-section of the flow passage and is dependent on x only. Thus the heat
flux qe flows axially only.

In the absence of the gravity, the pressure p takes a uniform value p0 throughout the gas. If the ideal
gas is assumed, the density ρe satisfies Charles’ law as

ρeTe

ρ0T0
= 1, (2.5)

where ρ0 is the density at p0 and T0. Hence ρe is also uniform and dependent on x only.

2.2 Linearised equations under narrow-tube approximation

To derive a marginal condition of instability of the heat flow, infinitesimally small disturbance
is assumed and the linear approximation is employed. In addition, the narrow-tube approximation
expounded in Sugimoto (2010) is used, which is expressed as follows:

R

l
� 1,

lω

a
� O(1) and

√
ν/ω

R
= O(1), (2.6)

where l, a, ω and ν designate, respectively, a typical length associated with a temperature gradient, a
typical sound speed (adiabatic), a typical angular frequency and a typical kinematic viscosity of the gas.
The first inequality is obvious. The second means that a typical propagation speed lω is comparable
with a or slower. The third means that no restriction on a typical thickness of the viscous diffusion layer
is made and it may be larger or smaller than unity. Because a thermal diffusion is also involved, its
thickness

√
κ/ω may be used in the third condition, κ being a thermal diffusivity. However, because the

Prandtl number Pr (= ν/κ) is of order unity, e.g. 0.72 for air, its thickness is usually comparable with
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the viscous one, though a little thicker. Thus, the diffusion layer is represented by the viscous one. In
passing, the shear viscosity of the gas μ is assumed to obey the same power law as (2.2) as

μ

μ0
=

(
T

T0

)β

. (2.7)

For the gas motion, exploited are the equation of continuity, Navier–Stokes equation with (2.7),
equations of energy with (2.2) and of state for the ideal gas. Linearising these equations by setting
[ρ, u, v, p, T] = [ρe +ρ′, u′, v′, p0 + p′, Te + T ′] about the quiescent state and exploiting the narrow-tube
approximation, it follows that

∂ρ′

∂t
+ ∂

∂x
(ρeu′) + 1

r

∂

∂r
(rρev′) = 0, (2.8)

ρe
∂u′

∂t
= −∂p′

∂x
+ μe

r

∂

∂r

(
r
∂u′

∂r

)
, (2.9)

0 = −∂p′

∂r
, (2.10)

ρecp

(
∂T ′

∂t
+ u′ dTe

dx

)
= ∂p′

∂t
+ ke

r

∂

∂r

(
r
∂T ′

∂r

)
, (2.11)

p′

p0
= ρ′

ρe
+ T ′

Te
, (2.12)

t being the time, where ρ, u, v, p and T denote, respectively, the density, axial component of the velocity
vector, radial one, pressure and temperature, the prime (·)′ designating a disturbance; μe and cp denote,
respectively, the shear viscosity at Te and a specific heat at constant pressure. Here all quantities with
the suffix e are expressed in terms of Te and are functions of x. For this system of equations, non-slip
and isothermal conditions on the wall are imposed as

u′ = v′ = 0 and T ′ = 0 at r = R. (2.13)

No boundary conditions are imposed axially since the passage is long.
It is immediately seen in (2.10) that inertia and viscous effects in the radial direction are negligible

so that the pressure is uniform over the cross-section. Thus p′ is a function of x and t only. This is the
very merit of the narrow-tube approximation. The other disturbances depend not only on x and t but also
on r. Using the Fourier decomposition with respect to the time, the disturbances of an angular frequency
ω are assumed in the following form:

⎡
⎢⎢⎢⎢⎣

ρ′
u′
v′
p′
T ′

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

Φ(x, r)
U(x, r)
V(x, r)
P(x)

Ξ(x, r)

⎤
⎥⎥⎥⎥⎦ exp(iωt), (2.14)
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where Φ, U, V , P and Ξ represent the respective complex amplitudes of the density, axial velocity,
radial velocity, pressure and temperature, and P depends on x only. Here and hereafter, the complex
quantities on the right-hand sides are understood for their real part to be taken.

Substituting (2.14) into (2.9) and making use of independence of P on r, U can be solved with (2.13)
to be expressed in terms of the pressure amplitude as

U = i

ρeω

{
1 − I0[(iω/νe)

1/2r]

I0[(iω/νe)
1/2R]

}
dP

dx
, (2.15)

where I0 (and I1 to appear later) denote the modified Bessel function of the first kind and νe(= μe/ρe)

denotes the kinematic viscosity at the temperature Te. Since U is expressed in terms of dP/dx, Ξ can
also be expressed from (2.11) as

Ξ = 1

ρecp

{
1 − I0[(iω/κe)

1/2r]

I0[(iω/κe)
1/2R]

}
P + Pr

(1 − Pr)ρeω
2

{
1 − I0[(iω/νe)

1/2r]

I0[(iω/νe)
1/2R]

}
dTe

dx

dP

dx
(2.16)

− 1

(1 − Pr)ρeω
2

{
1 − I0[(iω/κe)

1/2r]

I0[(iω/κe)
1/2R]

}
dTe

dx

dP

dx
.

In the similar way, Φ is also expressed by (2.12) in terms of P and dP/dx. Substituting these expressions
into (2.8) and integrating it over the cross-section with the boundary condition (2.13), it follows that P
must satisfy the following equation:

d

dx

[
(1 − fν)a

2
e

dP

dx

]
+

(
fν − fκ
1 − Pr

)
a2

e

Te

dTe

dx

dP

dx
+ ω2

[
1 + (γ − 1)fκ

]
P = 0, (2.17)

where ae (= √
γ p0/ρe =

√
(γ − 1)cpTe) denotes the adiabatic sound speed at temperature Te, γ being

the ratio of specific heats; Pr is the Prandtl number defined by νe/κe, κe = ke/ρecp; fν and fκ are defined,
respectively, by

fν(ηe) = 2I1(ηe)

ηeI0(ηe)
and fκ(ηe) = fν

(√
Prηe

)
with ηe(x) =

(
iω

νe

)1/2

R. (2.18)

The differential equation (2.17) of the second order for P is known as Rott’s equation (Rott, 1969).
As is seen, fν is associated with the viscous diffusion, while fκ with the thermal diffusion.

On solving (2.17) numerically, it is advantageous to rewrite it in the form of the simultaneous
equations of the first order by using the mean axial velocity averaged over the cross-section of the
flow passage as

U ≡ 1

πR2

∫ R

0
2πrU(r, x) dr, (2.19)

where the overbar designates the mean over the cross-section. In this paper, the axial mass flux density
ρeU averaged over the cross-section is used and its complex amplitude F is given by

F ≡ ρeU = i

ω
(1 − fν)

dP

dx
. (2.20)
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In terms of F, (2.17) can be expressed into the system of differential equations of the first order as

dP

dx
= − iω

(1 − fν)
F, (2.21a)

dF

dx
= − iω

a2
e

[
1 + (γ − 1) fκ

]
P −

[
1 + 1

1 − Pr

(
fν − fκ
1 − fν

)]
1

Te

dTe

dx
F. (2.21b)

2.3 Thermoacoustic-wave equation and its approximations

It has been shown that Rott’s equation is derived by assuming a single harmonic component. When
the system of equations (2.8) to (2.12) is solved for an arbitrary form of disturbance in time by
Fourier transform, p′ is governed by the following thermoacoustic-wave equation in the form of integro-
differential equation (Sugimoto, 2010):

∂2p′

∂t2
− ∂

∂x

(
a2

e
∂p′

∂x

)
+ ∂

∂x

[
2a2

e
√

νe

R
Nν

(
∂p′

∂x

)]
+ 2(γ − 1)√

Pr

√
νe

R
Nκ

(
∂2p′

∂t2

)

− 2a2
e

R

√
νe

Te

dTe

dx

[
1

1 − Pr
Nν

(
∂p′

∂x

)
− 1

(1 − Pr)
√

Pr
Nκ

(
∂p′

∂x

)]
= 0, (2.22)

where Nν[ϕ] denotes a functional of a function ϕ(x, t) defined by

Nν [ϕ(x, t)] ≡
∫ t

−∞
Θ

[
νe(t − τ)

R2

]
ϕ(x, τ)dτ , (2.23)

and Nκ [ϕ] is defined by (2.23) with νe replaced with κe. Here the kernel function Θ is given by

Θ
(νet

R2

)
= 1

2π

∫ ∞

−∞
(iω)−1/2 I1(1/δe)

I0(1/δe)
eiωtdω, (2.24)

where δe = (νe/iω)1/2/R = 1/ηe As the notations imply, the functional Nν represents hereditary effects
due to the viscous diffusion, while Nκ represents those due to the thermal diffusion.

2.4 Approximations of the thermoacoustic-wave equation by the thickness of diffusion layers

As is seen in (2.23), the kernel function involves the time interval t − τ between the present time t and
a past time τ relative to the viscous diffusion time R2/νe. If ϕ is periodic in t with a period 2π/ω, then
Nν is also periodic with the same period. Thus, the functional may be approximated according as the
period 2π/ω is long or short enough relative to the typical diffusion time. This implies equivalently that
a typical thickness of the diffusion layer

√
νe/ω is thick or thin enough compared with the radius R

(Sugimoto, 2010).



MARGINAL CONDITIONS FOR THE ONSET OF THERMOACOUSTIC OSCILLATIONS 125

When the thickness is thin enough relative to R, i.e. |δe| � 1, the thermoacoustic-wave equation
may be approximated as

∂2p′

∂t2
− ∂

∂x

(
a2

e
∂p′

∂x

)
+ 2a2

e
√

νe

R

[
C

∂− 1
2

∂t− 1
2

(
∂2p′

∂x2

)
+ (C + CT)

Te

dTe

dx

∂− 1
2

∂t− 1
2

(
∂p′

∂x

)]
= 0, (2.25)

where the derivative of minus half-order is defined as

∂− 1
2

∂t− 1
2

(
∂p′

∂x

)
≡ 1√

π

∫ t

−∞
1√

t − τ

∂p′

∂x
(x, τ)dτ , (2.26)

and C and CT are constants defined by

C = 1 + γ − 1√
Pr

and CT = 1

2
+ β

2
+ 1√

Pr + Pr
. (2.27)

Assuming p′ = P(x) exp(iωt), (2.25) is reduced to

(1 − 2Cδe)
d2P

dx2 +
[
1 − 2(C + CT)δe

] 1

Te

dTe

dx

dP

dx
+ ω2

a2
e

P = 0, (2.28)

where use has been made of the relation (d− 1
2 /dt− 1

2 ) exp(iωt) = (iω)− 1
2 exp(iωt). Here note that |δe| =

1/|ηe| � 1.
Under this approximation, the complex amplitude of the mass flux density is evaluated as

F = i

ω
(1 − 2δe)

dP

dx
, (2.29)

where fν in (2.20) is approximated as 2/ηe as |ηe| → ∞ (see, e.g. Abramowitz & Stegun (1972) for
the asymptotic expressions of the modified Bessel functions). Physically, the term iω−1dP/dx is due to
lossless propagation of a plane wave, while −2iδeω

−1dP/dx results from the defect of the axial velocity
in the viscous diffusion layer (see (8) in Shimizu & Sugimoto (2010) multiplied with 2/R). Using F,
(2.28) is recast into the system of equations for P and F as

dP

dx
= − iω

1 − 2δe
F (2.30a)

dF

dx
= − iω

a2
e

[
1 + 2(C − 1)δe

]
P −

[
1 − (2CT − 1 − β)

δe

1 − 2δe

]
1

Te

dTe

dx
F. (2.30b)

Elimination of F in (2.30) leads to (2.28) to the first order of δe.
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On the other hand, when the typical thickness is thick enough relative to R, i.e. |δe| 	 1 and
|δe| ∼ ae/lω, (2.22) is approximated by the following diffusion-wave (advection) equation as

∂p′

∂t
− ∂

∂x

(
αe

∂p′

∂x

)
+ αe

Te

dTe

dx

∂p′

∂x
(2.31)

+ αe

a2
e

∂

∂t

{[
8

6
γ − (γ − 1)Pr

]
∂p′

∂t
− 1

6
(1 + β + Pr)

a2
eR2

s

νeTe

dTe

dx

∂p′

∂x

}
= 0,

where αe represents the diffusivity for the pressure in a narrow flow passage given by

αe = a2
eR2

s

8γ νe
= p0R2

s

8μe
. (2.32)

For p′ = P(x) exp(iωt), (2.31) is expressed as

d

dx

(
αe

dP

dx

)
−

[
1 − i

6
(1 + β + Pr)

ωR2
s

νe

]
αe

Te

dTe

dx

dP

dx
(2.33)

−
{

iω −
[

8

6
γ − (γ − 1)Pr

]
ω2αe

a2
e

}
P = 0.

The complex amplitude of the mass flux density is evaluated to the same approximation as

F = − R2
s

8νe

(
1 − i

ωR2
s

6νe

)
dP

dx
, (2.34)

where 1− fν in (2.20) is expanded as η2
e/8−η4

e/48+· · · (Abramowitz & Stegun, 1972). Here the lowest
expression is simply due to the axial velocity distribution of Poiseuille flow. For the higher-order term,
see (4.16) in Sugimoto (2016). Letting ωR2

s /6νe to be ζe, (2.34) and (2.33) are recast into the system of
equations of P and F as

dP

dx
= − 8ω

6ζe(1 − iζe)
F, (2.35a)

dF

dx
= − iω

a2
e

[
γ − 6

8
(γ − 1)Pr iζe

]
P − Pr iζe

(1 − iζe)

1

Te

dTe

dx
F, (2.35b)

where |ζe| ∼ (lω/ae)
2 � 1. Elimination of F in (2.35) leads to (2.33) to the first order of ζe.

3. Marginal conditions and angular frequencies of oscillations

Using Rott’s equation, marginal conditions for the onset of thermoacoustic oscillations due to instability
of heat flow are considered for a closed, straight tube and a looped tube, filled with a gas, as shown in
Figs 2 and 3. To generate steady heat flow, a stack of length Ls, in which many pores of radius Rs open
axially, is installed in the tube and sandwiched by cold and hot heat exchangers kept constantly at an
ambient temperature T0 and at a higher one TH(>T0), respectively. Then the heat enters from the hot
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Fig. 2. Gas-filled, straight tube of length L and of radius R with a stack installed where both ends of the tube are closed and the
stack is sandwiched by cold (ambient) and hot heat exchangers.

Fig. 3. Gas-filled, looped tube of length L and of radius R with two identical stacks installed at diametrically opposite positions
where both stacks sandwiched by cold (ambient) and hot heat exchangers are subjected to the same temperature gradient.

heat exchanger and flows to the cold one not only through the gas but also through the solid wall of the
stack. In the outside of the stack, a section where the temperature decreases from the hot end of the heat
exchanger to the ambient temperature is called a (thermal) buffer tube. In this tube as well, heat entering
from the hot exchanger flows in the gas and the solid wall in the opposite direction.

For the closed tube in Fig. 2, the x axis is taken along the tube from the left end and the stack is
located in the section x1 < x < x2 = x1 + Ls < L where the cold and hot heat exchangers are located at
x = x1 and x = x2, respectively. The axial length of the heat exchangers is small and regarded as being
negligible. For the looped tube in Fig. 3, a pair of identical stacks with cold and hot heat exchanges are
installed at diametrically opposite positions and they are assumed to be imposed by the same temperature
gradient. Taking the x axis along the centreline of the tube from the cold heat exchanger anticlockwise,
the stack 1 is located in the section 0 < x < Ls and the buffer tube of length Lb is in the section
Ls < x < Ls + Lb. At x = Ls + Lb, the temperature resumes the ambient one and therefore, the cold
heat exchanger should be installed there to release the heat flowing down from the hot heat exchanger.
For the other stack 2, the cold and hot heat exchangers are located at x = L/2 and x = L/2 + Ls,
respectively, with the buffer tube in the section L/2 + Ls < x < L/2 + Ls + Lb.
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For the closed tube, the boundary conditions require that the mass flux vanishes at the closed ends.
At both ends of the stack, the pressure must be continuous, while the mass flux over the cross-section
of the whole flow passages must be continuous. Hence these matching conditions across the cold end of
the stack are given as

P(x1−) = P(x1+) and F(x1−) = φF(x1+), (3.1)

where x1+ and x1− designate, respectively, the positive and negative sides of the position x1, and
φ (<1) denotes the porosity defined by As/A, A and As being, respectively, the cross-sectional area
of the tube πR2 and the total cross-sectional areas of all pores. The matching conditions across the hot
end of the stack are given similarly as

P(x2−) = P(x2+) and φF(x2−) = F(x2+). (3.2)

For the looped tube, there are no ends and therefore no boundary conditions required, but instead
periodic conditions must be imposed as

P(x) = P(x + L) and F(x) = F(x + L). (3.3)

Across the ends of the stack, the matching conditions for the pressure and the mass flux must be imposed.
Given the wall temperature Tw (= Te), the problem to seek marginal conditions is set as an

eigenvalue problem to Rott’s equation so that an unknown ω may become real to yield neutral
oscillations. To solve this problem, a shooting method using the usual Runge-Kutta method of fourth
order is employed, combined with Newton’s method. For the numerical computations, the system of
equations (2.21) is normalized appropriately and solved. While a reference amplitude of P is arbitrarily
taken, say Pref, U is normalized by Pref/ρ0a0, a0 (= √

γ p0/ρ0), and the mass flux density is normalized
by Pref/a0. The axial coordinate x and the angular frequency are normalized by the tube length L
and a0/L, respectively. The remaining quantities a2

e and
√

νe are expressed in terms of Te/T0 as
(ae/a0)

2 = Te/T0 and
√

νe/ν0 = (Te/T0)
(1+β)/2. In our experiments, atmospheric air is used as

the gas and the following data for air are used: γ = 1.4, Pr = 0.72, β = 0.5, a0 = 340 m/s and
ν0 = 1.45 × 10−5m2/s at the reference temperature T0 = 288K(= 15◦C).

3.1 Case of the closed tube

Geometry of the tube is taken from the one used in our experiment: straight tube of length L = 3.63 m
and of radius R = 40 mm with a stack of length Ls = 0.15 m having the pore radius Rs = 1 mm and
the porosity φ = 0.49. The cold and hot ends of the stack are located at x1 = 3.24 m and x2 = 3.39 m,
respectively, and the length of the buffer tube Lb is 0.24 m. In the cross-section of the stack used, there
are many square pores open regularly (100 cells per square inches), and the pore of 2H on a side is open
in the centre of each square cell. Letting the cell length to be 2H + 2W on a side, 2W being the wall
thickness, the porosity φ of each cell is calculated to be H2/(H + W)2. When a hydraulic radius of the
square pore is defined as twice the cross-sectional area of the pore 4H2 divided by its wetted perimeter
8H, it is given by H, which is used as Rs.

The temperature distribution along the stack and the buffer tube is convex downward in experiments
due to heat leaks through the walls. Taking account of this and mathematical simplicity, the temperature
distribution is imposed in the form of an exponential function in the stack and of a quadratic function in
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Fig. 4. Temperature distribution Te/T0 along the stack in x1 < x < x2 and the buffer tube in x2 < x < L for TH/T0 = 2 where
the temperature increases with x in the stack in the form of an exponential function and decreases in the buffer tube in the form of
a quadratic function to the temperature Te/T0 = 3/2 at x = L.

the buffer tube, respectively, as

Te

T0
= exp

[
λs(x − x1)

]
(x1 < x � x2), (3.4a)

Te

T0
= TH

T0

[
1 − λb(x − x2)

]2
(x2 � x < L), (3.4b)

with x2 − x1 = Ls and L − x2 = Lb where λb = log(TH/T0)/Ls and λb = [1 − √
(TH + T0)/2TH]/Lb,

TH being the temperature at the hot heat exchanger. Note that the wall temperature at the closed end at
x = L is assumed to take a mean value (TH +T0)/2 because the stack is placed near the right closed end
of the tube so that the wall temperature there does not return to the ambient temperature. In the section
0 � x � x1, Te/T0 takes unity. Figure 4 shows an example of the temperature distribution of (3.4) along
the stack and the buffer tube for TH/T0 = 2 where Te/T0 = 3/2 at x = L.

The system of equations (2.21) is solved from the left end where F must vanish but P is unknown.
The linear and homogeneous equations allow us to take P to be unity without any loss of generality.
Given Lω/a0 and TH/T0, hence, the equations can be solved toward the right end. In the section
0 < x < x1 without the temperature gradient, (2.17) rather than (2.21) can easily be solved analytically,
because dTe/dx vanishes, and ae and ηe take constants a0 and η0, respectively. Here note that since the
thickness of diffusion layer

√
ν0/ω is of order 0.2 mm for 50 Hz at a room temperature and is much

smaller than R, |η0| takes a very large value, so use is made of the asymptotic expressions fν ∼ 2/η0
and fκ ∼ 2/

√
Prη0. Then (2.17) is reduced to (2.28) with δe = 1/η0. Hence P and F in this section are

solved asymptotically up to the first order of δ0 as

P = E+e−ikx + E−eikx, (3.5a)

F = F
(

E+e−ikx − E−eikx
)

, (3.5b)
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for 0 < x < x1 where E+ and E− are arbitrary constants, k is a wavenumber defined by ω/(1 − Cδ0)a0
and F = [1 + (C − 2)δ0]/a0. From the boundary conditions at x = 0, it follows that E+ = E− = 1/2.
Hence the solutions at x = x1− are now available by (3.5).

Using the matching conditions (3.1), (2.21) is solved numerically by Runge–Kutta method toward
the other end at x = L where F should vanish. This condition is not usually met, however, if Lω/a0 and
TH/T0 are chosen arbitrarily. Because the value of F at x = L depends obviously on Lω/a0 and TH/T0,
it may be regarded as a function of them as

F(L) ≡ z(Lω/a0, TH/T0), (3.6)

though an explicit form of z is unknown. For a fixed value of TH/T0, when Lω/a0 is sought by Newton’s
method so that z may vanish, Lω/a0 usually takes a complex value. In applying Newton’s method,
incidentally, necessary differentiations are made numerically. Because its imaginary part implies decay
or divergence of the disturbances in t, the marginal condition corresponds to a case of neutral oscillations
where the imaginary part just vanishes and the real part is positive:

Im{ω} = 0 and ω > 0, (3.7)

where Im{ω} stands for the imaginary part of ω. This condition is next sought by changing the value
of TH/T0. Of course, two processes can be made simultaneously. Thus a pair of Lω/a0 and TH/T0 is
obtained for fixed values of the other parameters. Changing the pore radius Rs, the pair changes and the
curve may be drawn.

The marginal conditions thus obtained are shown in Fig. 5 where the temperature ratio TH/T0 is
given as the left ordinate in terms of the pore radius of the stack Rs relative to the typical thickness of
the viscous diffusion layer

√
ν0/ω. The porosity φ is taken to be 0.49. The thick curve represents the

marginal conditions obtained by solving Rott’s equation, while the broken and chain curves represent
the ones by solving the approximate equations for the thin and thick diffusion layers, respectively, which
will be described later. The temperature ratio takes the minimum about 1.47 at Rs/

√
ν0/ω ≈ 3.63.

The thin straight line facilitates to convert Rs/
√

ν0/ω to the dimensional radius Rs as the right
ordinate. As ω takes a value nearly equal to πa0/L, as will be shown below, the abscissa may be
proportional to the pore radius. For Rs/

√
ν0/ω = 4.5, e.g. TH/T0 is read off the solid curve to be

about 1.5. On the other hand, the pore radius Rs is read off the intersection with the straight line to be
about 1 mm. This is close to the case with the tube used in the experiment.

At marginal states corresponding to the conditions in Fig. 5, the dimensionless angular frequency
Ω defined by Lω/a0 takes real values nearly equal to π , which is the lowest (first) eigenfrequency
of oscillations in a uniform, closed tube of length L, i.e. half-wavelength tube, without a stack and a
temperature gradient. In Fig. 6, hence, the difference Ω −π relative to π is shown in percentage against
the pore radius of the stack Rs relative to the typical thickness of the viscous diffusion layer

√
ν0/ω. The

solid curve represents the frequency obtained by solving Rott’s equation, while the broken and chain
curves represent the results by solving the approximate equations. It is found that Ω is upshifted above
π by several percents at most.

3.2 Case of the looped tube

In this case as well, geometry of the looped tube is taken from the one used in our experiment: circular
loop of length L = 13.4 m along its centreline and of radius R = 40 mm (Sugimoto & Minamigawa,
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Fig. 5. Marginal conditions for the closed, straight tube where the temperature ratio TH/T0 is given as the left ordinate in terms
of the pore radius Rs of the stack relative to the typical thickness of the viscous diffusion layer

√
ν0/ω with the porosity φ = 0.49

where the thick curve represents the conditions obtained by solving Rott’s equation, while the broken and chain curves represent
the ones by solving the approximate equations for the thin and thick diffusion layer, respectively; the thin straight line facilitates
to convert Rs/

√
ν0/ω to the dimensional value of Rs as the right ordinate.

Fig. 6. Dimensionless angular frequency of oscillations Ω (= Lω/a0) at the marginal states corresponding to the conditions in
Fig. 5 is displayed against the pore radius Rs of the stack relative to the typical thickness of the viscous diffusion layer

√
ν0/ω

with the porosity φ = 0.49 where the difference Ω −π relative to π is shown in percentage. The solid curve represents the results
obtained by solving Rott’s equation, while the broken and chain curves represent the ones by solving the approximate equations
for the thin and thick diffusion layer, respectively.

2018a). The loop is circular of diameter about 4 m except for two straight sections of length 0.3 m,
in which a pair of stacks of length Ls = 0.15 m sandwiched by the heat exchangers is placed at
diametrically opposite positions. A stack of smaller square pores is used (600 cells per square inches),
in which the pore radius Rs = 0.48 mm and the porosity φ = 0.86.

In our experiment, the length of the buffer tube is difficult to be defined because no cold heat
exchangers are installed at x = Ls + Lb and x = L/2 + Ls + Lb. Therefore Lb changes slowly in
the course of time due to the heat conduction through the gas and the solid wall. In calculation, however,
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Lb is fixed at 0.91 m in view of the actual length measured just before the onset of instability in the
experiments.

In a similar fashion to (3.4), the temperature distribution along the stack 1 and the buffer tube is
given, respectively, in the form of the exponential function and of the quadratic function as

Te

T0
= exp(λsx) (0 < x � Ls), (3.8a)

Te

T0
= TH

T0

[
1 − λb(x − Ls)

]2
(Ls � x < Ls + Lb), (3.8b)

where λs = log(TH/T0)/Ls, λb = (1 − √
T0/TH)/Lb. In the section Ls + Lb � x � L/2, Te/T0 is

equal to unity. In the other half section L/2 < x � L, the stack 2 and the buffer tube adjacent to it are
assumed to be subjected to the same temperature distribution as (3.8) with x replaced by x − L/2. In the
section L/2 + Ls + Lb � x � L, of course, Te/T0 = 1. Figure 7 shows an example of the temperature
distribution along the stack 1 and the buffer tube for Te/T0 = 2 at x = Ls.

Marginal conditions are obtained by the same procedure shown for the case of the closed tube. The
system of equations (2.21) is solved numerically only in the sections of the stacks and the buffer tubes.
In the section with the uniform temperature Ls + Lb < x < L/2, the asymptotic solutions (3.5) are
applied and only the relations between both ends of the uniform section are given by

⎡
⎣P(L/2)

F(L/2)

⎤
⎦ =

⎡
⎣ cos(kLu) −i sin(kLu)/F

−iF sin(kLu) cos(kLu)

⎤
⎦

⎡
⎣ P(Ls + Lb)

F(Ls + Lb)

⎤
⎦ , (3.9)

where Lu = L/2 − Ls − Lb. In the section L/2 + Ls + Lb < x < L as well, (3.9) is used by advancing
the positions of P and F by L/2.

Because there are no ends in this case, (2.21) may be solved starting from an arbitrary position,
which is now set at x = L (= 0−) where P = 1 but F is taken arbitrarily. Letting these starting values
of P and F to be P(n)(L) and F(n)(L) with n = 1, respectively, and seeking the solutions from x = 0+
toward x = L to obtain P and F at x = L, denoted by P(n+1)(L) and F(n+1)(L), respectively, consider
the following differences given by

P(n+1)(L) − P(n)(L) ≡ z1

[
P(n)(L), F(n)(L), Lω/a0, TH/T0

]
, (3.10a)

F(n+1)(L) − F(n)(L) ≡ z2

[
P(n)(L), F(n)(L), Lω/a0, TH/T0

]
. (3.10b)

Because z1 and z2 do not vanish for arbitrarily chosen values of F(n)(L), Lω/a0 and TH/T0, the procedure
counted by n (n = 1, 2, 3, · · · ) is repeated by updating P(n)(L) and F(n)(L) with P(n+1)(L) and F(n+1)(L)

newly obtained, respectively, by using Newton’s method until both z1 and z2 may vanish simultaneously.
For the marginal conditions in this case as well, the real ω is sought by choosing the ratio TH/T0 suitably.

The marginal conditions thus obtained are shown in Fig. 8 where the temperature ratio TH/T0 is
given as the left ordinate in terms of the pore radius of the stack Rs relative to the typical thickness of
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Fig. 7. Temperature distribution Te/T0 along the stack 1 in 0 < x < Ls and the buffer tube in Ls < x < Ls + Lb in the looped
tube for TH/T0 = 2 at x = Ls where the temperature increases with x in the stack in the form of an exponential function and
decreases in the buffer tube in the form of a quadratic function to the temperature Te/T0 = 1 at x = Ls + Lb with Te/T0 = 1 for
Ls + Lb ≤ x ≤ L/2.

the viscous diffusion layer
√

ν0/ω. The porosity φ is taken to be 0.86. The thick curve represents the
marginal conditions obtained by solving Rott’s equation, where the broken and chain curves represent
the ones by solving the approximate equations for the thin and thick diffusion layers, respectively, which
will be described later. The temperature ratio takes the minimum about 1.49 at Rs/

√
ν0/ω ≈ 3.01. For

Rs = 0.48 mm used in the experiment (Sugimoto & Minamigawa, 2018a), it is found by using the
thin line that the temperature ratio takes TH/T0 ≈ 1.7, which is located on the left branch above the
minimum.

At the marginal states corresponding to the conditions in Fig. 8, the dimensionless angular frequency
Ω defined by Lω/a0 changes little from 2π , which is the lowest (first) eigenfrequency of a uniform
looped tube of length L without stacks and temperature gradients. In Fig. 9, the difference Ω − 2π

relative to 2π is shown in percentage in the solid curve obtained by solving Rott’s equation. The
broken and chain curves represent the results by solving the approximate equations. It is found that
the dimensionless angular frequency is downshifted below 2π within one percent for the temperature
ratio TH/T0 smaller than about 3.

4. Results and discussions

The marginal conditions for the temperature ratio TH/T0 are displayed for both tubes against the
pore radius Rs relative to the typical thickness of the viscous diffusion layer

√
ν0/ω. The curves are

commonly convex downward and they consist of right and left branches with respect to the minimum
of the temperature ratio. The domain above the curve corresponds to the instability of disturbances
(Im{ω} < 0), while the domain below it corresponds to the stability (Im{ω} > 0). Just on the curve, ω

takes a real value, which corresponds to neutral oscillations at the marginal state. This is called marginal
oscillations. The dimensionless angular frequency Ω in the closed tube is upshifted above π by several
percents at most, while the one in the looped tube is downshifted below 2π within one percent for the
temperature ratio smaller than about 3.

In this section, comparison of the marginal conditions and the angular frequencies of marginal
oscillations obtained by solving Rott’s equation and the ones by the approximate equations is first
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Fig. 8. Marginal conditions for the looped tube where the temperature ratio TH/T0 is given as the left ordinate in terms of the
pore radius Rs of the stack relative to the typical thickness of the viscous diffusion layer

√
ν0/ω with the porosity φ = 0.86 where

the thick curve represents the conditions obtained by solving Rott’s equation, while the broken and chain curves represent the
ones by solving the approximate equations for the thin and thick diffusion layer, respectively; the thin straight line facilitates to
convert Rs/

√
ν0/ω to the dimensional value of Rs as the right ordinate.

Fig. 9. Dimensionless angular frequency of oscillations Ω (= Lω/a0) at the marginal states corresponding to the conditions in
Fig. 8 is displayed against the pore radius Rs of the stack relative to the typical thickness of the viscous diffusion layer

√
ν0/ω

with the porosity φ = 0.86 where the difference Ω − 2π relative to 2π is shown in percentage. The solid curve represents the
results obtained by solving Rott’s equation, while the broken and chain curves represent the ones by solving the approximate
equations for the thin and thick diffusion layer, respectively.

discussed. Next influences of the porosity on the marginal conditions and the angular frequencies are
examined by using Rott’s equation. Further, those in higher modes of oscillations are obtained. Finally,
axial variations of amplitudes in pressure and mass flux density in the lowest mode are displayed with
variations of the acoustic energy flux density.
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4.1 Comparison of the results by Rott’s equation and by the approximate equations

For the purpose of checking the validity of the approximate equations, (2.30) for the thin diffusion layer
and (2.35) for the thick diffusion layer are solved to seek marginal conditions, which are compared with
the ones obtained by solving Rott’s equation. The marginal conditions obtained by (2.30) and (2.35)
are already shown in Figs 5 and 8 in the broken and chain curves, respectively. Note that the abscissa
corresponds to 1/|δ0| (= √

6ζ0) with R = Rs. Hence (2.30) is valid for the right branch where the
abscissa is much greater than unity, while (2.35) is valid for the left branch where the abscissa is even
smaller than unity. It is found, nevertheless, that the right and left branches agree in overall with the
solid curves up to the vicinity of the minimum temperature ratio where |δ0| is of order unity. As for the
angular frequencies of the marginal oscillations in Figs 6 and 9 as well, they agree with the results by
Rott’s equation and the difference of the dimensionless angular frequency from π remains within several
percents at most in the case of the closed tube. Although it is small, difference in the two asymptotic
theories is clearly seen.

Since the approximate equations are asymptotic in nature, they should be valid as δe → 0 and
ζe → 0. In order to make them valid up to a large value of |δe| and |ζe| as much as possible, their
quadratic terms would have to be specified, in principle. Without doing this, however, better solutions
are sought here by approximating the factors (1 − 2δe)

−1 in (2.30) and (1 − iζe)
−1 in (2.35). For the

closed tube, (1 − 2δe)
−1 is treated as it is, while (1 − iζe)

−1 is expanded as 1 + iζe. For the looped tube,
(1 − 2δe)

−1 and (1 − iζe)
−1 are expanded as 1 + 2δe and 1 + iζe, respectively, without the quadratic

term. Hence the first-order equations in δe and ζe are solved.
As far as the present marginal conditions and the angular frequencies are concerned, it is found that

the asymptotic theories work for the looped tube better than for the closed tube. In Fig. 8, the agreement
of the chain curve with the solid one is superb. Even in Fig. 5, the tendency for the chain curve to
approach the solid one is seen. As for the right branches, however, there are seen differences even for
a large value of the abscissa. The temperature ratio on the right branch is underestimated for the closed
tube, but overestimated for the looped tube. Although the right branch should approach the solid curves
as δ0 → 0, the discrepancy is considered to be due to the higher-order terms in δe for this range of the
abscissa. As for the angular frequencies, it appears that the broken curve in Fig. 6 approaches the solid
curve but this tendency is not clear in Fig. 9.

In the case of the closed tube, a domain of the abscissa for the left branch is found to be very narrow.
As the abscissa becomes smaller, the viscous dissipation dominates in the stack so that the temperature
ratio increases rapidly (Yu & Jaworski, 2010). There appears to exist a lower bound of Rs/

√
ν0/ω in

the vicinity of 2.2 as TH/T0 → ∞. On the left branch, the value of the abscissa is still greater than
unity and ζ0 is not small enough (ζ0 ≈ 2/3). In the marginal conditions of the Taconis oscillations,
incidentally, the approximation of the thin diffusion layer can cover even the left branch (Sugimoto &
Yoshida, 2007). In the case of the looped tube, on the other hand, the domain where ζ0 � 1 is wide and
the marginal curve extends leftward (Hyodo & Sugimoto, 2014).

4.2 Influences of the porosity on the marginal conditions and the angular frequencies of oscillations

In the marginal conditions obtained, the porosity has been fixed at φ = 0.49 for the closed tube and
φ = 0.86 for the looped tube used in the experiments. However, because the porosity varies generally
with the pore radius, influences of the porosity on the marginal conditions and the angular frequency of
the marginal oscillations are examined.

Figure 10 shows the marginal conditions for the closed tube where the porosity φ changes from
φ = 0.5 to 0.9 by step 0.1. It may be said generally that the porosity affects little the marginal
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Fig. 10. Influences of the porosity φ on the marginal conditions for the closed tube where φ changes from φ = 0.5 to 0.9 by
step 0.1.

Fig. 11. Influences of the porosity φ on the dimensionless angular frequency of oscillations Ω (= Lω/a0) in the closed tube
where the difference Ω − π relative to π is shown in percentage and φ changes from φ = 0.5 to 0.9 by step 0.1.

conditions, and the minimum temperature ratio does not change irrespective of the porosity. As the
porosity increases, however the temperature ratio tends to be slightly higher on the right branch, while
lower on the left branch.

Influences on the angular frequency are examined. Figure 11 shows how the difference Ω − π

relative to π changes with Rs/
√

ν0/ω for φ = 0.5 to 0.9 by step 0.1. In any case, it is found that Ω

is upshifted above π and that it approaches π as φ becomes greater. For the right branch in Fig. 10,
the relative magnitude remains within two percents, whereas for the left branch, it becomes larger to be
several percents.

Figure 12 shows the marginal conditions for the looped tube where the porosity φ changes from
φ = 0.5 to 0.9 by step 0.1. In this case, it is found that the porosity does affect the marginal
conditions considerably, and the minimum temperature decreases as the porosity increases. As the
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Fig. 12. Influences of the porosity φ on the marginal conditions for the looped tube where φ changes from φ = 0.5 to 0.9 by
step 0.1.

Fig. 13. Influences of the porosity φ on the dimensionless angular frequency of oscillations Ω (= Lω/a0) in the looped tube
where the difference Ω − π relative to 2π is shown in percentage and φ changes from φ = 0.5 to 0.9 by step 0.1.

porosity increases, the temperature ratio tends to be higher on the right branch, while lower on the
left branch. This tendency is common to both tubes.

Figure 13 shows the difference Ω −2π relative to 2π changes with Rs/
√

ν0/ω for φ = 0.5 to 0.9 by
step 0.1. It is found that Ω is downshifted below 2π for the temperature ratio TH/T0 smaller than about
2 and that the magnitude of the difference increases as the porosity increases.

4.3 Marginal conditions and angular frequencies for higher modes

So far the marginal conditions and the angular frequencies for the lowest mode of oscillations have been
concerned where Ω ≈ π for the closed tube and Ω ≈ 2π for the looped tube. These modes play an
important role in the onset of instability. However as the temperature ratio exceeds the minimum of the
lowest mode, there come into play higher modes. The higher modes are deeply associated with evolution
into fully developed self-excited oscillations.
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Fig. 14. Marginal conditions for the first three modes, designated by n/2-wave mode (n = 1, 2, 3), in the closed tube, where the
temperature ratio TH/T0 is drawn against the dimensional pore radius Rs with the porosity fixed at φ = 0.49.

Fig. 15. Dimensionless angular frequencies of oscillations Ωn(n = 1, 2, 3) in the first three modes corresponding to the ones in
Fig. 14 are displayed against the pore radius Rs [mm] where the difference Ωn − nπ relative to nπ is shown in percentage.

In general, if eigenfrequencies in higher modes are integral-multiples of the lowest one, a tube is
called consonant, otherwise dissonant. As a pressure amplitude becomes high in a consonant tube, a
shock emerges easily because higher harmonics generated by nonlinearity excite higher eigenmodes
resonantly. In a dissonant tube, on the contrary, a shock does not tend to emerge as the frequency shifts
increase, because higher eigenmodes are not so easily excited as in the consonant tube. Hence although
the shifts are small of order of percent in the present context, they have bearing on whether or not a
shock is formed in fully developed, self-excited oscillations and also on a shocked profile. For details,
see Sugimoto & Minamigawa (2018a,b).

For the closed tube, Fig. 14 shows the marginal conditions for the first three modes designated by
n/2-wave mode (n = 1, 2, 3) where the temperature ratio is drawn against the dimensional pore radius
Rs not against Rs/

√
ν0/ω and the porosity is fixed at ϕ = 0.49. For the n/2-wave mode, the tube length

corresponds to n/2-times of the wavelength. It is seen that the minimum temperature ratio becomes
higher with the mode. This suggests that as the temperature ratio is increased in the experiment and
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Fig. 16. Marginal conditions for the first four modes, designated by n-wave mode (n = 1, 2, 3, 4), in the looped tube where the
temperature ratio TH/T0 is drawn against the dimensional pore radius Rs with the porosity fixed at φ = 0.86.

Fig. 17. Dimensionless angular frequencies of oscillations Ωn(n = 1, 2, 3, 4) in the first four modes corresponding to the ones in
Fig. 16 are displayed against the pore radius Rs [mm] where the difference Ωn − 2nπ relative to 2nπ is shown in percentage.

exceeds the minimum in the lowest mode, this mode is first excited and becomes active but higher
modes decay and remain passive. As the temperature ratio is increased further, the number of the active
modes coming into play increases.

Letting an angular frequency of the marginal oscillations in the n/2-wave mode be ωn, the
dimensionless one Ωn defined by Lωn/a0 is nearly equal to nπ . Figure 15 shows the difference Ωn −nπ

relative to nπ in percentage for the first three modes corresponding to the ones in Fig. 14. It is found that
the angular frequencies are upshifted above nπ in the three modes and the difference becomes greater
as Rs decreases.

For the looped tube, Fig. 16 shows the marginal conditions for the first four modes designated by
n-wave mode (n = 1, 2, 3, 4) where the temperature ratio is displayed against the dimensional pore
radius Rs and the porosity is fixed at φ = 0.86. For the n-wave mode, the tube length corresponds to
n-times of the wavelength. If the curves are drawn against Rs/

√
ν0/ω, they are very crowded. Unlike in

the case of the closed tube, it is revealed that the minimum temperature ratio does not increase with the
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mode and take a value near 1.5 for the first three modes. The minimum temperature ratio of the 2-wave
mode is seen to be lower than the 1-wave mode.

For a fixed value of the temperature ratio greater than about 1.7, the pore radius on the right branch
has to be smaller for the higher mode to be excited, whereas on the left branch, three curves except for
the 1-wave mode come closer so that the radius tends to take a similar value. This implies that as the
temperature ratio is increased in the experiments, a mode which appears first is not necessarily the first
mode. In fact, it happens that the second mode is excited first. Furthermore as Rs becomes smaller to be
0.3 mm, it is likely that the three modes are excited simultaneously.

Letting an angular frequency of the marginal oscillations in the n-wave mode be ωn, the dimension-
less one Ωn defined by Lωn/a0 is nearly equal to 2nπ . Figure 17 shows the difference Ωn −2nπ relative
to 2nπ in percentage for the first four modes corresponding to the ones in Fig. 16. It is found that Ωn is
downshifted below 2nπ for a certain interval of Rs and that the difference Ωn − 2nπ is small within 1%
of 2nπ . In this sense, the looped tube is closer to a consonant tube than the closed tube. In fact, shocked
oscillations emerge in the experiment using the looped tube (Sugimoto & Minamigawa, 2018a,b).

4.4 Axial variations of amplitudes in pressure and mass flux density and of acoustic energy flux density

Now that the marginal conditions are available, axial variations of the pressure and the mass flux density
can be evaluated in the marginal oscillations. In addition, that of the mean acoustic energy flux density
(intensity) I over the one period of oscillations 2π/ω is also evaluated by

I ≡ ω

2π

∫ t+2π/ω

t
p′u′dt = 1

2ρe
Re{PF∗}, (4.1)

where F∗ denotes the complex conjugate of F.
For the closed tube with Rs = 1 mm and φ = 0.49, Fig. 18 shows axial variations of the real part of

the complex pressure amplitude Re{P}, the one of the mass flux density Re{F} and the mean acoustic
energy flux density I given by (4.1) with respect to x/L for the lowest mode. The solid and broken
curves are obtained based on Rott’s equation and the approximate equations, respectively. Although the
marginal curves show the discrepancy, surprisingly, the broken curves agree well with the solid ones.

It is seen that Re{P} resembles the cosine function of the eigenmode for the standing wave in the
usual half-wavelength tube without the temperature gradient, whereas Re{F} behaves differently from
a sinusoidal function. Two discontinuities appear at both ends of the stack because of the jump of the
porosity. As x increases from the left end, the mass flux density once decreases slightly below zero but
increases significantly toward the stack. Then it decays rapidly in the stack, changing the sense of the
velocity, and approaches zero at the right end. This should be compared with the sine function in the
half-wavelength tube.

The mean acoustic energy flux density I decreases from the left end where I = 0 by the wall friction,
but it suddenly increases in the stack due to the unstable action of the heat flow. Because it changes sign
in the middle of the stack, the stack appears to be the energy source flowing out in the positive and
negative senses of x. In the buffer tube, I decreases toward the right end. Hence the energy source in
the stack compensates the energy loss in the outside of the stack to give rise to the marginal state of
oscillations.

For the looped tube with Rs = 0.48 mm and φ = 0.86, similarly, Fig. 19 shows axial variations
of the real parts of P and F together with I for the lowest mode. In this case as well, the solid
and broken curves are obtained by Rott’s equation and the approximate equations, respectively.
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Fig. 18. Axial variations of the real part of the complex pressure amplitude Re{P}, the one of the mass flux density Re{F} and the
mean acoustic energy flux density I given by (4.1) along the closed tube for the pore radius Rs = 1 mm and the porosity φ = 0.49
for the lowest mode where the broken curves show the results obtained by the approximate equations.

Fig. 19. Axial variations of the real part of the complex pressure amplitude Re{P}, the one of the mass flux density Re{F} and
the mean acoustic energy flux density I given by (4.1) along the looped tube for the pore radius Rs = 0.48 mm and the porosity
φ = 0.86 for the lowest mode where the broken curves show the results obtained by the approximate equations.

It is seen that Re{P} resembles the sinusoidal one in the one-wavelength tube, and Re{F} also
varies with Re{P} without phase lag or lead in the sections except for the stacks and the buffer
tubes. In this sense, the mode may be regarded as the travelling wave in contrast to the standing
wave in Fig. 18. The travelling wave appears to be propagated in the positive sense of x but
note that the small component in the negative sense is also included (Hyodo & Sugimoto, 2014).
Whereas Re{P} does not change in the stacks and buffer tubes, Re{F} changes significantly in the
buffer tube because of the density change. The acoustic energy flux density always flows in the
positive sense and increases across the stacks to recover the energy loss in the sections outside o
f the stacks.

For the higher modes, the axial variation of the pressure amplitude resembles almost the one in the
absence of the temperature gradient. Although similar axial variations are displayed in the closed and
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looped tubes, main features are common to the ones described above for the lowest mode and no figures
are given here.

5. Conclusions

The marginal conditions for the onset of thermoacoustic oscillations of a gas due to instability of heat
flow have been obtained for the closed and looped tubes by solving the eigenvalue problems for Rott’s
equation numerically using the shooting method combined with Runge-Kutta method and Newton’s
method. The same problems have been solved instead of Rott’s equation by using the linearised
approximate equations for the thin and thick diffusion layer relative to the pore radius in the stack
to check the validity of the approximate equations. It has been revealed that the right and left branches
of the marginal curves are well covered by the approximate equations for the thin and thick diffusion
layer, respectively, even up to the minimum temperature ratio. This agreement endorses the usefulness
of the approximate equations and encourages to apply their nonlinear versions to fully developed
thermoacoustic oscillations.

For the standing wave in the closed tube, the domain for the left branch to be valid is very narrow
and the lower bound of the pore radius appears to exist. This suggests usefulness of the stack of a wide
pore for excitation of oscillations and no use of a finer pore than the radius corresponding to the lower
bound. For the travelling wave in the looped tube, on the other hand, the domain of the left branch is
wide and extends leftward. Thus a regenerator of finer pores is usable, though the temperature ratio
must be increased. Influences of the porosity on the marginal conditions have been clarified. With little
influences on the standing wave, considerable ones appear in the travelling wave and the minimum
temperature ratio tends to be lower as the porosity increases.

The marginal conditions for the higher modes have also been derived. For the standing wave,
the minimum temperature ratio becomes higher with the mode. For the travelling wave, however, the
marginal curves for the higher modes are not separated clearly unlike in the case of the closed tube. The
minimum temperature ratio is not ordered with the mode. Hence it is suggested that as the temperature
ratio is increased in the experiments, the lowest mode will appear first in the closed tube but this is not
necessarily so in the looped tube.

The angular frequencies of marginal oscillations have been examined for the lowest to the higher
modes in both tubes. It is revealed that while they are close to the eigenfrequency of each mode in
the corresponding consonant tubes without stacks and temperature gradients, they are upshifted in the
case of the closed tube, whereas downshifted in the case of the looped tube. In the latter case, the
frequency shifts are much smaller. This suggests that shocked oscillations are more likely to appear in
the looped tube than in the closed tube. As for the comparison of the angular frequencies obtained by
the approximate equations with the ones by Rott’s equation, it is found that they agree well in the left
and right branches of the marginal curves with difference only by several percents at most in relative
magnitude.

The axial variations of the pressure, mass flux density and acoustic energy flux density illuminate
differences between the standing wave in the closed mode and the travelling wave in the looped tube.
It is found that these axial variations are quantitatively well described by the approximate equations.
Thus, although making the marginal conditions coincide with high accuracy is found to be a delicate
and difficult issue, it is expected that the approximate theories serve to understand physical mechanisms
of the thermoacoustic oscillations in a simple way and enable to predict their spatio-temporal behaviour
in nonlinear regime.
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